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Abstract

The theory of complex differential equation has been developed since
1960°s.Many researchers like IlpoLaine (1993) have investigated the
system of complex differential equation of the following form k

>2,
FO+ A L@V A@F + A(F =0
Keywords: FO+ A L@ Dt AR+ AR =F(2)

Entire function,

Linear differential equation, where Ai(z)’s (i=0,1,2....k-1) and F(z) # O are entire or meromorphic

functions.The prime concern of this paper is to investigate the

g?gnmﬁ?ls'tlon’ comparative growth analysis of the solution as well as the
A coefficients of the above system of equations.
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1. Introduction

For any two transcendental entire functions f and g defined in the open complex plane C, Clunie[3] proved
that

T(r, fog) and T(r, fog)
I![D T(r, f) = |!LTI T(r,9) =
Singh [13] proved some comparative growth properties of logT(r, fog) and 7(r, f).He also raised the problem
of investigating the comparative growth of logT(r, fog) and T(r,g) Which he was unable to solve.However

some result on comparative growth of 1o97(r, fog) and T(r,g) are proved later.

Let f be an entire function defined in the open complex plane C.Known[8] studied on the growth of an entire
function f satisfying second order linear differential equation.Later Chen[4] proved some result on the growth
of solutions of second order linear differential equations with meromorphiccoefficients.Chen and
Yang[5]eshtablished a few theorems on the zeros and growths of entire functions of second order linear
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differential equations.The purpose of this paper is to study on the growth of the solution f = 0of the n™ order

linear differential equation

A AR AR =0

where Ai’s(x0) are entire functlons.ln this paper we investigate the comparative growth of composite entire

functions which satisfy n™ order linear differential equations.

We do not explain the standard notations and definitions in the theory of entire and meromorphic functions as

those are available in [13] and [7].
The following definitions are well known.

Definition 1 The orderp and lower order A, of an entire function f is defined as
f

log“m(r, f)and __log™m(r. 1)

P, =lim sup—="= Ac=lim inf

r—®

logr
where Iog[k]x = Iog(log[H] x), fork =1,2,....,and |0g[01x =X
If f is meromorphic, one can easily verify that

. log T(r. f) and log T,
p,=lim SUpng 2. =lim %ﬁf).

r—m

Definition 2 The hyper order ; and hyper lower order Z of an entire function f is defined as follows
t f

—_— log”mM(r.t) and — _log”Mm(.1)
p,=lim SUp— A =lim inf ==

r—o

If f is meromorphic then
[2]

log“'T(r.f) and 2 log™T(r.f)

p, = limsup== - ~himinf =g,

Definition 3 The type o of an entire function f is defined as

o= lim supLg hﬁ(r’f) b0 p e

ro

If f is meromorphic then

o = limsupl:f) * 0<p <
o rP.
Definition 4 Let f be an entire function order zero.Then the quantities p* b Zf*are defined in the
P A Py
following way:
_ log“m(r, 1) log”m(r.1)
=limsup———F5— —_
P 15 p log”r A= lim inf log”'
- log“Mm(r. 1) log“'m(r. 1)
P ~lim Sup= ¢ =lim inf gt
If f is meromorphic then clearly
p.=lim Supw T =liminf log T(r.f)
f N Iog[Z]r [ ln‘r]ﬁ!(n IOg[Z]
log' — - R (
—Ilm sup g ( ") A =lim inflogi[z(]r)-
log"“'r = logr
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Definition 5 Let ‘a’ be a complex number, finite or infinite . The Nevanlinna deficiency and the Valiron
deficiency of ‘a’ w.r.t. a meromorphic function f are defined as

Sa; f)=1- ||mSUp (( ))—Im inf ((, ))
af)

Ala; f)=1- lim inf (( )) lim sup (( o)

r—w

r—o

Now let us define another function :

Let w:[0,00) — (0,o0) be a non-decreasing unbounded function, satisfying the following two conditions:

log r
=0
Olim 105w ) log“(r)

Iog[q] )
(lim log™w(r)

for some o >1.

[u]

b4 (ar)

With the help of the function ¥ ,the classical definitions can be written as,

Definition 6 The - order and lower W -order A of an entire function f is defined as follows:
W

Py
log“M(r. f)and log“'Mm(r. )

Piw= lim SUP— v log ¥(r) Arw= Iinlinf log*¥(r)

r—o

where |og[k]x = Iog(log[k&] xj, fork =12,....,and |og[0] X=X

< oo then fis of finite ¥ -order.Also =0 means that f is of w-order zero. In this connection

If :
P P
following Liao and Yang [11] we may give the definition as below:

Definition 7{ cf. [11]} Let f be an entire function of ¥ order zero.Then the quantities Ry ,are defined in
the following way: |
N ) [z]M £ and . ) ) IO [Z]M(r,f)-
Py ~lim supM A —lim inf QT
e log™em = log T ¥(n)

In the line of Datta and Biswas [6] an alternative definition of zero w -order and zero ¥ -lower order of an
entire function may be given as:

Definition 8{ cf. [6]} Let f be an entire function of y order zero.Then the quantities p‘* P ,are defined in

the following way:

. q - |
Pro jimsupl0d M) A AT, log M)
fim Sup l0g ¥© lim inf =00 v

Definition 9 The y —type o andy _ Iowertypeg of an entire function f are defined as:
) f.¥

. log m(r, f and  — 1 0< <o
=lim Supgi() O'f»v:"m inf log m(r,f) Piw

e () Sy

Oty

2. Research Method : Lemmas

In this section we present some lemmas which will be needed in the sequel.
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Lemma 1 [1] If fis meromorphic and g is entire then for all sufficiently large values of r,
T(r.9)
T(r, fog)<{l+o(l}————=T(M(r,g) f )"
(r fog) <fu oty 1S T(M () 1)
Lemma 2 [2] If fis meromorphic and g is entire and suppose that 0<usp < - Then for a sequence of
9

values of r tending to infinity,
T(r, fog)zT(exp(r”), f ) :

Lemma 3 [12] If f, g be two transcendental entire functions with p,<> 1 be a constant satisfying 0<77 <1

and ¢ be a positive number.Then

T(r, fog)+0(1)> N(r,0; fog)

" logM (1), 0)-0(1)
asr — oothrough all values.
3. Results and Analysis.

In this section we present the main results of the paper.

Theorem 1 Let f be an entire function satisfying the ™ order linear differential equation

£ A+ ATt A2 =0

where A (z)sare non zero entire functions.f

and i.e. . and
(III)'DAN = ﬂ’(AfAz" ..... A P Aiw pAnv‘P <min il(A,nAzc,..v.AM),‘i"/lf,‘i‘}
(

v)A, be of regular growth, then

lim {log T(r,(As° Aze..... A1) An)}2 0.
r—w T(rv f)T(I](AﬂOAZO """ An—l))

Proof It is well known that for an entire function A , T(F,An)S Iog*M(r,An) .So0 in view of Lemma 1 ,we
get for all sufficiently large values of r,

T(r(Ac Ao AL A)<aro@T M A (A Ao AL
1,109 T (r(Ac Ao Ao A) < loglt+ o)+ logT(M(r, A). (A Ao A
ie, 10gT (r(Ac A A ) A) < oW+ (D g g o+ E)100 M(¥(r) A)
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Now combining (1) & (2) it follows for all sufficiently large values of r,

09T (r.(A° Ao AL A) _ o0+ (Pp . p (Y

T((Ae A AL (Yoo
. logT(r.(Ac Ao-nA)e A) o oW+ (p ) ‘P(r)ﬂ
- IIrTr]%iup T (I‘,(Alo 'A\2 . An—l)) B Iln’,lﬂswup \Il(r (A1 A2ew An 1) 7

Since, P, < Awony..ans)w» WE CaN choose £>0in such a way that p, , +& < Apenpanw — € @0d

¥(r) Is a non-decreasing function ,so it follows from above that

. logT (r(A° A A A)

-I|rrstup T(r(Ace Ao AH)) -

ie. i log T (r.(Ac Aceo A ) A) IPREEERERERRR 3)
- T(ry(Ao Azo """ An—l)>

Again, for all sufficiently large values of r,

logT(r, f)> uw—g)log ¥(r)

=T )2 P(r)

Since, p, , <, wecan choose &> Oiin such a way that
n ¥

P +8<ﬂw_8' ....................... (5)
Now combining (1),(4)& (5) it follows for all sufficiently large values of r,

logT (r.(Ac° Ao A, A)_ WPy p )ym)l{l(r)”fw-w”
T(r. 1) Wy
i.e. IirrLEUD IogT(r,(A;é’z:)..._A“)o A,
ie.. 109 (r(AcAc-ALA) ©)
i.e. L e,
'!E!J T(r. ) 0

Therefore in view of (3) and (6), we obtain that

i 100 T(r (A Age.... A ) An)f
me T T (AR Ao AL

e, 100T(n(A Ao AL A, |09T(V(AA2 ----- AA)

e, 100 T (1 (A Age.....Aq 1) A =0.
M T (A Ao AL

This proves the theorem.

Remark 1 The following example ensures the validity of the conclusion as drawn in Theorem 1.

Example 1 Letn=2, ¢ —v=7  A=2A=-7"
Then
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A°A=7"

logT(r, Ac A,)=log{2logr +0(1)}

. log IogT(r,A1) .
Pasw™ lim supW:o, finite.

r—on

Similarly,lzz =0

ﬂ/f,‘{/ = 0

Then

im 109 T (r, Ao o)}
A C

Remark 2 We can choose A;’s as meromorphic function for i=1,2,...n-1, but A, must be an entire
function.

Thus in the next example we take A; as meromorphic function.

Example 2 Letn=2, f:T:ZZ’A:le and A, = 7.

1
A"Afﬁ'

logT(r, Ao A,)=log{2logr +O()},

T IoglogT(r,AJﬁ .
P = liM SUP o) O e

r—oo

Slmllarly,ijlszw =0,
ﬂ,f,w =0.

Thus the conditions are satisfied
and | flogT(r, A An)f
ol T(r, f)T(r, Al)

Theorem 2 Let f be an entire function satisfying the n" order linear differential equation

0+ Al(Z)f(”’l)+ Az(z) f ) + An(z)f -0,

where A(z)-sare non zero entire functions. If/l(A Ao =0 then
o o..... 1,‘*’

Pipepcntie ™ A (acaep v

where 0 < pz <
p(Aa°Az ..... A

Proof : In view of Lemma 2 and for 0 < i < P( ) ,we get that

Ac A Ao MY
, logT (r.(A° Ao A A
Plpcacnbne™ Im}j)up log ¥(r)

logT “(Ao Ao
Zlimjﬁf o7 (e rlogél(r)Az A

= 21
Zlim inf 109T (o r.(A° Ao AL elim inf M
m log” e \(r)) o log ¥(r)

= log (¥(r))
log ¥(r)
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- o M. . o log (P(r)
A (AcApAY Ilnllmnf ?OT(S))

Thus the theorem is proved.
Theorem 3 Let f be an entire function satisfying the n" order linear differential equation

f(n)+Aq(Z)f("fl)+A2(z)f(n—2)+ ........ FAQ) =FG)

where A (z)s@renon zero entire functions. If

(i) Yo, are both finite,
(A o P

(“)PAﬂ,fﬂr,w andﬂw is positive , then for any o € (— o0, oo),

- og{T (r.(A° Ao A ADoaME AN

b T(expr,F)

Proof : If 1+ a <0, the theorem is obhious. So we suppose that 1+ > 0.In view of Lemma 1, we
have for all sufficiently large values of r,

|Og{T (r*(AL"Az" ..... AH)o A) IogM(r, An)}
<logT(r, A )+ logT(M(r, A} (Ao Ajow A) +log{l+0(1)}

< (PA",W”) log ¥(r)+ (,0( )\P+g)‘{’(r)0**w*”+o(1)

AcAc-A)

< ™ (p, ,+elog w(r)+o(l)
_‘P(r)" {'D(A.°Az° A Ao

v +E+ }

_____ ) (P

Again we have for all sufficiently large values of r,
logT(r,F)>(A_,—#)log'¥(r)

—T(r,F)2 \P(r)(’iw’”
ST F)2 P(rfH ®)

Now combining (7) and (8) ,we have for all sufficiently large values of r

T(expr,F) »
('OA , +e)log¥(r)+o(1)
e+ =

+
AcArAny N (I’ )( £,
\P(r)(/lw—s

\P(r)(p“””w)(ha) P
<

Since p, ., < Ar+ We can choose & > 0 in such a way that

pAn,‘P +&< /IFH, -
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i.e.q:
"rTLEUP T(expr,F)

from which the theorem follows.

Remark 3 :We choose f instead of F in the denominator of the statement then the analogous theorem also
holds. The following example reveals the fact.

Example 3:Letn=2, f —w=* A =2, A =7" and & =0.
AcA=7"

logT(r, A,° A,)=log(2logr +O(1))

IogM(r,zz):Zlog r,

T(exp r,zz): 2r +0(1).

Then
im sup flog{T(r. Ao (/;\xf,)rl,?? M(r AR

Theorem 4 : Let f be an entire function satisfying the n™ order linear differential equation

01

=
+\/
>
~
~
—
+
>
~
~—
—h
z
R
¥
E
>
~
~
—
Il

(ii)0<;f,~p<oo

Then for any positive number « ,

“T(r (A Ao o A .
fiming 09T A A A A) Pl adnor jim up i
e Iog T(r rf) pf}y r—o Iog T(r ,f)

Proof : From the definition of hyper w-order we get for all sufficiently large values of r,

A +&)log ¥(r).

Again we have for a sequence of values of r tending to infinity,

|Og[2]T(r". f)z(,;, W_E)Iogqj(r) , @S p(r) is equivalent to w(r«)
Now combining above two equations, it follows for a sequence of values of r tending to infinity that

I0g™T (A A A A) 1Pinn ™300
log“'T(r". 1) {p,,~¥oa(r

Since & > 0 is arbitrary, it follows from above that
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log“T (n(Ac A A A _ Placac aar

log™™ ( ) < /_)W LAIL e ©)

lim inf

Also for arbitrary positive ¢ and for all sufficiently large values of r,

Iong(r“, f)< (;W +g) 0GP() e (.10)
Also for a sequence of values of r tending to infinity,
[2]
T oo [ _ j ................
log™ T (r(Ac Ao AL A2\ iy o0, = 00 (0) ay

& |log¥(r)

Iong (r f ) (,D, Wt ,s) log ¥(r)

Since & > 0 is arbitrary, it follows from above that

lim sup 2 > R 12)
e log“'(r" ) (ij

Then the theorem follows from (9) and (12).

Remark 4 If y(z)=z,we may obtain the corollary.

Corollary 1 For ,_—= — and = — ,then for any positive number

O lacnc A A Placacadaw T 0P
a,

o 10g T (n(Ac A DA Paa v i log™T (A A A

lim inf = 5 (a )A" A< A AN < lim sup 22 @ (” e
T |og @ap., re Iog

Remark 5 Theorem 4 and Corollary 1 shows that the middle part of the first one is independent of «,
where as the second one is dependent on the same.

Theorem 5 Let f be an entire function satisfying the n" order linear differential equation

(||)O<p
(" Otw
) p,

Then

Placacn Fae Piw
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T (A A ASA) _Tlanatar i SupT r

T(r'f) Oivw o Tr,f)

lim inf

Proof From the definition of w— type , we get for arbitrary positive g and for all sufficiently large
values of r,

Again we have for a sequence of values of r tending to infinity,

T(r ) f)Z (o-f,w—g}y(r)ﬁ’.,w ..................... (14)

Since yo, =p ,50 from (13) and (14) it follows for a sequence of values of r tending
(AcAe-A A iy
to infinity,

T (r'(AqO AZ O An—1)O An) S{O-(AfAf --"AH)’An)’LV i 8}
Tlr ) {o,.,-2
Since ¢ > 0 is arbitrary, it follows from above that

Ilmqgonf Tl 1) G

Also for a sequence of values of r tending to infinity,

T(r (A A A A2 (Olap ) a8 PO i mrst (16)
Now for all sufficiently large values of r,
T(r f )s (O-W PP a7

Now from (16) & (17) we obtain for a sequence of values of r tending to infinity,

T (A A A A) 1T ajnr?
T(r ’f) {O-f,w+g}
Since & > 0 is arbitrary, it follows from above that

i T(r
lim sup

r—o

T(r'f) Otw

Then the theorem follows from (15) and (18).

Theorem 6 Let f be a transcendental entire function satisfying the n™ order linear differential equation

f(n)+A1(Z)f(n—1)+A2(z)f(”’z)+ ........ + A, (2)f =0,

where A(z)-sare non zero entire functions. If
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Then
. IogT(r,(Alo Apo....0 Anfl)o An)_ where g is a real constant.
|IrTL§Up g7 1) =0,

Proof We suppose that 5 >0, otherwise the theorem is obvious.
For given .
g g(O <e<l- 5(0, Alo AZO _____ o An—l))

N(r,O;(Alo Aso....0 Anil))>(1_5(o; Ag© Apo....0 AM)_ g)T(r, Ar© Aso....0 Anil),for a sequence of

values or r tending to infinity.
So from Lemma 3, we get for a sequence of values or r tending to infinity,
T(r,(Alo Ago....0A )o A J+0()
X @-5(0: Ao Ago....oA - s)T[[M (r)=, Aﬂ],(Aio Ago....o AH)]
>|log
(log 77) ,OQ(M ), An]—O(l)

= I0gT(r, (ApAze....o AH) o An)+ 0@1)>0(logr) + IogT([M (nr)ﬁ, An] (Ao Age....0 AH)]

-0()

log M ((nr)ﬁ, A)+0oW)
th 5(0; (Alo Aoo....0 An—l))7 e)f[{M (nr)ﬁ, A,,j (Alo Aoo....0 Anl)J

+log|1-

Since f is transcendental ,it follows that

logM ((77r ),
im 0 (@)= A
T[[M (7r)==. An} (ApAe.... .OAM)J

=0.

So from above we get for a sequence of values of r tending to infinity ,

Also we see that for all large values of r,

M(r, A)>ex {\P(r)iif* } ................................................... (20)

So from (19),using (20) & (21) we get for a sequence of values of r tending to infinity ,
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A
IOQT(R(/-\1°A2° ----- o AH)"An) O(logr) +)“A1°A2° ----- oA LY, (Ur)m +00)

logT(y”, ) o 0, og¥(r) 2 @ p, Jog¥(r)

i logT{r,(Ao Ayo....0 A )°A,,)
= ||nlsxup ( (Allogf(rﬁv )
This proves the theorem.

=00,

Remark 6 If we consider A in the place of ¢, then the analogous theorem is also true with ‘limit
superior’ replaced by ‘limit’.

Remark 7 In the theorem using A ,if we consider yo, > pinstead of A
AcA 1

oApo..0A ¥

n-1’

----- r

theorem remains true with ‘limit’ replaced by ‘limit superior’.

Conclusion
The results as deduced in this paper may be thought of from another angle of view and those can be
carried out in case of difference polynomials of higher degree. Therefore several modified techniques may be
adopted in order to solve the problems arisen and those can be regarded as a virgin area to the researchers in
this field.
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